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Abstract
Let
Gc(x) = log0(x)− x log x + x − 12 log(2pi)+
1
2
ψ(x + c) (x > 0; c ≥ 0).
We prove that Ga is completely monotonic on (0,∞) if and only if a ≥ 1/3. Also, −Gb is completely monotonic on (0,∞) if
and only if b = 0. An application of this result reveals that the best possible nonnegative constants α, β in
√
2pixx exp
(
−x − 1
2
ψ(x + α)
)
< 0(x) <
√
2pixx exp
(
−x − 1
2
ψ(x + β)
)
(x > 0)
are given by α = 1/3 and β = 0.
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1. Introduction
A function f : (0,∞)→ R is said to be completely monotonic if f has derivatives of all orders and
(−1)n f (n)(x) ≥ 0 for x > 0 and n = 0, 1, 2, . . . . (1.1)
If f is nonconstant and completely monotonic, then the inequality in (1.1) is strict; see [1]. Completely monotonic
functions have remarkable applications in various fields, like, for instance, probability theory and numerical analysis.
The most important facts on these functions are collected in [2, Chapter IV]. We also refer the reader to [3] and the
list of references given therein.
It is the aim of this note to present monotonicity properties of the function
Gc(x) = log0(x)− x log x + x − 12 log(2pi)+
1
2
ψ(x + c) (x > 0; c ≥ 0). (1.2)
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Here, 0 denotes Euler’s gamma function,
0(x) =
∫ ∞
0
e−t t x−1dt (x > 0),
and ψ is the logarithmic derivative of 0, known as the psi or digamma function,
ψ(x) = 0
′(x)
0(x)
= −γ +
∫ ∞
0
e−t − e−xt
1− e−t dt (γ = Euler’s constant).
In the next section we present all nonnegative parameters a, b such that Ga and −Gb are completely monotonic. An
application of our result leads to sharp upper and lower bounds for 0(x) in terms of the ψ-function. More precisely,
we determine the smallest number α and the largest number β such that the double inequality
√
2pix x exp
(
−x − 1
2
ψ(x + α)
)
< 0(x) <
√
2pix x exp
(
−x − 1
2
ψ(x + β)
)
(1.3)
is valid for all x > 0.
2. Main result
The following monotonicity theorem holds.
Theorem. Let a, b ≥ 0. The function Ga , as defined in (1.2), is completely monotonic if and only if a ≥ 1/3. Also,
−Gb is completely monotonic if and only if b = 0.
Proof. Let x > 0 and c ≥ 0. Differentiation gives
G ′c(x) = ψ(x)− log x +
1
2
ψ ′(x + c) and G ′′c (x) = ψ ′(x)−
1
x
+ 1
2
ψ ′′(x + c).
Applying the integral formulas
1
x
=
∫ ∞
0
e−xtdt, ψ (n)(x) = (−1)n+1
∫ ∞
0
e−xt t
n
1− e−t dt (x > 0; n ∈ N)
(see [4, p. 260]), we obtain the representation
G ′′c (x) =
∫ ∞
0
e−xt ∆c(t)
1− e−t dt, (2.1)
where
∆c(t) = −1+ t + e−t − t
2
2
e−ct .
Moreover, from the asymptotic formulas
log0(x) ∼
(
x − 1
2
)
log x − x + 1
2
log(2pi)+ 1
12x
+ · · · ,
ψ(x) ∼ log x − 1
2x
− 1
12x2
+ · · · , ψ (n)(x) ∼ (−1)n−1
[
(n − 1)!
xn
+ n!
2xn+1
+ · · ·
]
(x →∞; n ∈ N)
(see [4, pp. 257,259,260]), we get the limit relations
lim
x→∞Gc(x) = limx→∞G
′
c(x) = 0. (2.2)
Let a ≥ 1/3. A short calculation yields for t > 0:
∆a(t) ≥ −1+ t + e−t − t
2
2
e−t/3 = e−t
∞∑
k=4
δk
k!
(
t
3
)k
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with
δk = (k − 1)(3k − 9k2k−3).
Since δk > 0 for k ≥ 4, it follows that∆a is positive on (0,∞). Applying (2.1) gives that G ′′a is completely monotonic.
Also, from (2.2) we obtain
G ′a(x) < 0 and Ga(x) > 0,
which reveals that Ga is completely monotonic.
Conversely, if Ga is completely monotonic, then we get for x > 0:
0 < xGa(x) = 112 + xH(x)−
x
2
[log x − ψ(x + a)], (2.3)
where
H(x) = log0(x)−
(
x − 1
2
)
log x + x − 1
2
log(2pi)− 1
12x
.
Since
lim
x→∞ xH(x) = 0 and limx→∞ x[log x − ψ(x)] =
1
2
,
we conclude from (2.3) that
0 ≤ 1
12
+ 1
2
(
a − 1
2
)
or a ≥ 1
3
.
We have for t > 0:
∆0(t) = −e
−t
2
∞∑
k=3
(k − 1)(k − 2)
k! t
k < 0,
so that (2.1) yields that −G ′′0 is completely monotonic. Using (2.2) we obtain
−G ′0(x) < 0 and − G0(x) > 0.
Thus, −G0 is completely monotonic.
We assume that −Gb (with b > 0) is completely monotonic. Then Gb is negative on (0,∞). But, this contradicts
lim
x→0Gb(x) = ∞.
The proof of the theorem is complete. 
We are now in a position to provide the sharp constants α, β in (1.3).
Corollary. Let α, β ≥ 0 be real numbers. For all x > 0 we have
√
2pix x exp
(
−x − 1
2
ψ(x + α)
)
< 0(x) <
√
2pix x exp
(
−x − 1
2
ψ(x + β)
)
(2.4)
with the best possible constants α = 1/3 and β = 0.
Proof. From the theorem we obtain for x > 0:
G0(x) < 0 < G1/3(x),
which is equivalent to (2.4) with α = 1/3 and β = 0.
If the left-hand side of (2.4) is valid, then we have
0 < xGα(x) (x > 0).
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As shown in the proof of the theorem this leads to α ≥ 1/3. And, if we assume that there exists a positive number β
such that the right-hand side of (2.4) holds for all x > 0, then we obtain
lim
x→00(x) ≤
√
2pi exp
(
−1
2
ψ(β)
)
.
A contradiction! Hence, the best possible constants in (2.4) are given by α = 1/3 and β = 0. 
Remarks. (1) Upper and lower bounds for the ratio 0(x + 1)/0(x + s) in terms of the psi function or its derivative
can be found in [5–8].
(2) A detailed bibliography on inequalities for the gamma and related functions is given in the survey paper [9].
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